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ABSTRACT. Durability and sustainability of structures made from concrete 
like materials is getting more into an interest of civil engineers. Structures are 
subjected not only to uniaxial load, this means if there is a crack inside the 
load could be divided into mode I and shear mode II, but also to a mixed 
mode I/II. Therefore, it is necessary to perform test, which covers mixed 
mode loads and could be used for specimen made from concrete core-drill. 
Recommended test specimens used for evaluation of fracture mechanical 
parameters has usually a prismatic or rectangular shape. The cost of reshaping 
cylinder into rectangular is expensive and not very efficient, therefore it is 
very effective to use Brazilian disc test specimen with central notch to obtain 
mixed mode fracture parameters. The contribution deals with numerical 
support for Brazilian disc test to obtain calibration curves for mode I and 
mode II, evaluation of experimental results and compare them with data 
adapted from literature. 
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INTRODUCTION 
 
oday’s trends in civil engineering pushes investors and owners of concrete structures more often into renovation, 
than into demolition of structures. This fact leads into need for knowledge of material characteristics such as bulk 
density, Young’s modulus of elasticity [1], compressive strength [2], flexural strength [3], etc. Some types of civil 
engineering structures are subjected to mixed mode loading I and II, therefore the knowledge of fracture mechanical 
parameters is necessary to predict life-time of concrete structures (bridges, cooling towers). To obtain material sample 
from considered structure, a core-drill is used, which drills out a cylindrical sample from a structure. This specimen is 
tested to obtain mechanical properties, but not for fracture mechanical parameters.  
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Fracture mechanical parameters of cementitious materials are usually obtained from recommended tests such as:  
three-point (3PBT) and four-point (4PBT) bending test with notch in tested specimen [4], for mixed mode load [5], wedge 
splitting test (WST) [6-9], or a combination of WST/3PBT [10] and modified compact tension test (MCT) [11, 12]. All 
tests have a predefined prismatic geometry and using them on specimens made from the core-drill is expensive and not 
very efficient, therefore it is very appropriate to use a Brazilian disc test specimen with central notch (circle cut from the 
core-drill cylinder) [13-16] to determinate fracture parameters of building materials see Fig. 1. 
 
Figure 1: Geometry of a typical Brazilian disc specimen with load position alongside crack. 
 
The main advantage of Brazilian disc is, that it could be used for investigation of fracture toughness for mode I, mode II 
and mixed mode by rotating the cracked against the load positions. This article compares the measured experimental data 
with data presented in [17].  
 
 
THEORETICAL BACKGROUND 
 
Mechanical properties 
he unnotched Brazilian disc is very often used as an indirect test to determinate tensile strength of rock materials, 
therefore it is very valuable to use it to obtain tensile strength of concrete [18]. The tensile strength can be 
evaluated from following equation: 
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where t is tensile stress, P is compressive load, D is diameter of disc and B is specimen’s thickness. 
 
Fracture Mechanics 
This contribution is based on a linear elastic fracture mechanics. The linear elastic fracture mechanics concept uses the 
stress field in the close vicinity of the crack tip described by Williams’s expansion [19]. This expansion is an infinite power 
series originally derived for a homogenous elastic isotropic cracked body, which can be described by a following equation:  
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where ij represents the stress tensor components, KI, KII is the stress intensity factor for mode I respectively mode II, f Iij,  
fIIij, are known shape functions for mode I and mode II, Oij represents higher order terms and r, θ are the polar 
coordinates (with origin at the crack tip; crack faces lie along the x-axis). 
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The values of the stress intensity factor (SIF) for a finite specimen and the polar angle θ = 0° can be expressed in the 
following form [20-22]: 
 
( / , )I I
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where P is compressive load, a is a crack length, R is radius of the disc (D/2), B is disc thickness and fI(a/R, ), fII(a/R, ) 
are dimensionless shape functions (calibration curves) for mode I and mode II, see Figs. 2 and 3.  
 
 
NUMERICAL MODEL 
 
Calibration curves 
o obtain right calibration curves for each mode of SIF a numerical simulation was necessary. The numerical 
simulation was performed in finite element (FE) software Ansys 17.2 [23]. A two-dimensional (2D) numerical 
model with plane strain boundary condition were used to calculate SIF (KI and KII). The numerical model was 
meshed with element type PLANE183 taken from ANSYS’s elements library and command KSCON was used to take 
into account the crack tip singularity. Input material properties of concrete used in FE software are following: Young’s 
modulus and Possion’s ratio, E = 40 GPa and ν = 0.2, respectively. The geometry of disc has radius R = 50 mm and the 
relative crack length a/R varied from <0.1; 0.9>, notch angle α varied <0°; 90°> and was loaded with constant force P = 
100 N in all calculated cases.  
In FE software ANSYS, the following equations are used for calculation of the SIF KI and KII for θ = ±180. 
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where u, v are nodal displacements, G shear modulus,  is Kolosov’s constant for plane strain respectively plane stress 
conditions and r is coordinate in cylindrical coordinate system. From Brazilian disc geometry, mention above a calibration 
curves for mode I and II for various notch angle  and a/R ratio can be determined as a following functions [25, 26]: 
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From Fig. 2, it can be noticed, that for some angle  and a/R, the value of calibration curve for mode I equals zero 
(fI(a/R,) = 0). This means, that there is only mode II (pure shear mode). Therefore, the fracture toughness for mode II 
could be evaluated. 
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Figure 2: Calibration curve fI(a/R,) for mode I. 
 
 
Figure 3: Calibration curve fII(a/R, α) for mode II. 
 
 
EXPERIMENT FOR MATERIAL C 50/60 
 
Material  
aterial used in the experimental program was standard concrete C 50/60, maximum aggregate size was 8 mm.  
 
 
 
Specimen’s geometry 
Brazilian disc specimens were prepared from standardized cylindrical specimens used for evaluation of cylindrical 
compressive strength of concrete [2]. Notches were prepared by using water jet cutter. The dimensions of specimens are 
introduced in Tabs. 1 and 2. 
 
Specimen nmr. Diameter D [mm] 
Thickness B 
[mm] 
04 150 28.59 
05 150 30.52 
06 150 29.90 
 
Table 1: Dimensions of Brazilian disc specimens. 
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Specimen nmr. a/R [-] Diameter D [mm] 
Thickness B 
[mm] 
Notch 
length a 
[mm] 
05_4 0.2667 150 31.83 40.06 
09_4 0.2667 150 30.68 40.00 
04_4 0.2667 150 31.65 40.09 
09_6 0.4 150 29.93 60.17 
01_6 0.4 150 31.44 60.92 
04_6 0.4 150 30.97 60.15 
07_6 0.4 150 31.17 59.94 
 
Table 2: Dimensions of Brazilian disc specimens with a center notch. 
 
Experimental procedure 
The machine for tests was Seidner D7940 with maximum loading capacity 4 000 kN. The load rate was 0.01 kN/s. 
Brazilian disc specimens without notch were tested to obtain the tensile strength. 
Brazilian disc specimens with the notch were tested under the selected angles inclined against loading positions see Tab. 3. 
 
      
 
Figure 4: Example of specimens used for Brazilian disc test without and with notch 
 
Specimen nmr. a/R [-] Inclination angle  [°] 
05_4 0.2667 0.0 
09_4 0.2667 10.0 
04_4 0.2667 27.2 
09_6 0.4 0.0 
01_6 0.4 0.0 
04_6 0.4 10 
07_6 0.4 25.2 
 
Table 3: The relative length of notch in Brazilian disc specimens and angle of used angle position. 
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RESULTS AND DISCUSSION 
 
Selected material and mechanical properties  
nnotched Brazilian disc specimens were subjected to compressive load to evaluate tensile strength from Eq. 1. 
The measured forces and calculated tensile strength are showed in Tab. 4. 
 
Specimen nmr. Measured force P [kN] 
Tensile 
strength ft 
[MPa] 
04 34.9 5.18 
05 38.8 5.39 
06 35.7 5.06 
 
Table 4: Measured forces and calculated tensile strength from eq. (1) for unnotched Brazilian disc. 
 
The properties of used concrete are compared with material characteristics of mortar and concrete from Hou [17], for 
detailed information about composition of these materials see [17]. Comparison of selected mechanical properties is 
showed in Tab. 5.  
 
 
Bulk 
density ρ 
[kgm-3] 
Compressive 
strength fc 
[MPa] 
Tensile 
strength ft 
[MPa] 
Mortar from [17] 2018 25.56 3.6 
Concrete [17] 2373 34.42 3.1 
Concrete – present study 2321 55.4 5.21 
 
Table 5: Comparison of selected mechanical characteristics of used concrete with data adapted from literature [17] 
 
Fracture mechanical properties 
Fracture mechanical properties of structural concrete were evaluated from Eq. (2) and (3). The values of stress intensity 
factors were evaluated for mode I (specimens 05_4,09_6 and 01_6), for mode II (specimens 04_4 and 07_6) and for 
mixed mode I/II. The evaluated fracture mechanical properties are summed up in Tab. 6. 
 
Specimen nmr. Measured force P [kN] 
KI 
[MPamm1/2] 
KII 
[MPamm1/2] 
05_4 26.8 38.069 0.0006 
09_4 24.3 30.513 25.906 
04_4 25.2 0.0466 54.604 
09_6 19.6 36.858 0.0012 
01_6 20.0 35.784 0.0012 
04_6 17.7 26.104 25.337 
07_6 15.8 0.005 44.9745 
 
Table 6: Measured experimental load P and calculated fracture mechanical parameters KI and KII for each specimen. 
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Figure 5: Comparison of fracture resistance KII/KIC (y axis) against KI/KIC (x axis) behavior with data from literature [17]. 
Comparison of experimental data  
Experimental results from Hou [17] were digitalized and measured forces were used to be compared with data measured 
in the presented study. The comparison of results is done in two ways. The first one compares fracture resistance values 
of KII/KIIC (y axis) against KI/KIC (x axis) which is valuable to see pure mode I and pure mode II fracture resistance. An 
envelope curve (a circle with radius KI/KIC = 1 and KII/KIIC = 1) is plotted in Fig. 5. to see effect of mixed mode I/II 
failure for each tested specimen (different inclination angle  of notch). 
The comparison made in Fig. 4. is not very often, therefore it is being necessary to made comparison which can be usually 
seen in literature. Fig. 5 compares normative values of KII/KIC (y axis) against KI/KIC (x axis) which is valuable to see mode 
II effects fracture resistance. An envelope curve (an ellipse with radius KII/KIC = mean value and KI/KIC = 1) is plotted in 
Fig. 6. to see effect of mixed mode failure for each tested specimen (different inclination angle of notch). 
 
Figure 6: Comparison of fracture resistance KII/KIC (y axis) against KI/KIC (x axis) behavior with data from literature [17]. 
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CONCLUSIONS 
 
he present paper aims at analyzing the mixed mode fracture in a concrete C50/60 using the Brazilian disc test. A 
finite element analysis of Brazilian disc specimen, effects of crack angle rotation are studied based fracture 
mechanic approach. The following principal conclusions could be derived:  
 The classical solutions of Linear Elasticity for the stress fields in the neighborhood of a crack tip in pure mode I 
or II can be obtained independently 
 The solution for the stress field in a combined mode situation is obtained simply by rotation of a initiation crack. 
 Experimentally obtain data for C 50/60 is compared with data from literature. 
The presented numerical calculation and experimental results (C 50/60) will be used for future two-parameter fracture 
evaluation on alkali activated concrete [27, 28]. 
 
 
ACKNOWLEDGMENT 
 
his paper has been worked out under the “National Sustainability Programme I” project “AdMaS UP – Advanced 
Materials, Structures and Technologies” (No. LO1408) supported by the Ministry of Education, Youth and Sports 
of the Czech Republic. 
 
 
REFERENCES 
 
[1] ISO 1920-10, Testing of concrete – Part 10: Determination of static modulus of elasticity in compression, (2015). 
[2] EN 12390-3, Testing hardened concrete – Part 3: Compressive strength of test specimens, (2009). 
[3] EN 12390-5, Testing Hardened Concrete –Part 5: Flexural Strength of Test Specimens. European Committee for 
Standardization, (2009). 
[4] RILEM Report 5, Fracture Mechanics Test Methods for Concrete Edited by S. P. Shah and A. Carpinteri, Chapman 
and Hall London, (1991). 
[5] Malikova, L., Vesely, V., Seitl, S., Crack propagation direction in a mixed mode geometry estimated via multi-
parameter fracture criteria, International Journal of Fatigue, 89 (2016) 99–107. DOI: 10.1016/j.ijfatigue.2016.01.010. 
[6] Linsbauer, H., Tschegg, E., Fracture energy determination of concrete with cube-shaped specimens, Zement Beton, 
31 (1986) 38–40.  
[7] Brühwiler, E., Wittmann, F. H., The Wedge Splitting Test, a New Method of Performing Stable Fracture Mechanics 
Test, Engineering Fracture Mechanics 35 (1990) 117–125.  
[8] Seitl, S., Veselý, V., Řoutil, L., Two-parameter fracture mechanical analysis of a near-crack-tip stress field in wedge 
splitting test specimens, Computers and Structures 89(21-22) (2011) 1852–1858.  
DOI: 10.1016/j.compstruc.2011.05.020. 
[9] Seitl, S., Nieto García, B., Merta I., Wedge splitting test method: Quantification of influence of glued marble plates by 
two-parameter fracture mechanics, Frattura ed Integrita Strutturale, 30 (2014) 174–181. 
DOI: 10.3221/IGF-ESIS.30.23. 
[10] Seitl, S., Korte, S., De Corte, W., Boel, V., Sobek, J., Veselý, V., Selecting a suitable specimen shape with low 
constraint value for setermination of fracture parameters of cementitious composites, 577–578 (2014) 481–484. DOI: 
10.4028/www.scientific.net/KEM.577-578.481. 
[11] Seitl, S., Viszlay, V., Modified compact tension specimen for experiments on cement based materials: Comparison of 
calibration curves from 2D and 3D numerical solutions, Frattura ed Integrita Strutturale, 11(39) (2017) 118–128. 
[12] Seitl, S., Ríos, J.D., Cifuentes, H., Veselý, V., Effect of the load eccentricity on fracture behavior of cementitious 
materials subjected to the modified compact tension test, Solid State Phenomena, 258 SSP (2017) 518–521. DOI: 
10.4028/www.scientific.net/SSP.258.518. 
[13] Li, D., Wong, L. N. Y., The Brazilian disc test for rock mechanics applications: review and new insights, Rock 
mechanics and rock engineering, 46(2) (2013) 269–287. DOI: 10.1007/s00603-012-0257-7. 
[14] Atkinson, C., Smelser, R. E., Sanchez, J., Combined mode fracture via the cracked Brazilian disk test. International 
Journal of Fracture, 18(4) (1982) 279–291. 
T 
T 
                                                                     S. Seitl et alii, Frattura ed Integrità Strutturale, 42 (2017) 119-127; DOI: 10.3221/IGF-ESIS.42.13 
 
127 
 
[15] Abshirini, M., Soltani, N., Marashizadeg, P., On the mode I fracture analysis of cracked Brazilian disc using a digital 
image correlation method. Optics and Lasers in Engineering, 78 (2016) 99–105.  
DOI: 10.1016/j.optlaseng.2015.10.006. 
[16] Ayatollahi, M.R., Aliha, M.R.M., Cracked Brazilian disc specimen subjected to mode II deformation, Engineering 
Fracture Mechanics, 72 (2005) 493–503, DOI: 10.1016/j.engfracmech.2004.05.002. 
[17] Hou, Ch., Wang, Z., Liang, W., Li, J., Wang, Z., Determination of fracture parameters in center cracked circular discs 
of concrete under diametral loading: A numerical analysis and experimental results, Theoretical and applied fracture 
mechanics, 85 B (2016) 355-366. DOI: 10.1016/j.tafmec.2016.04.006. 
[18] ISRM (1978) Suggested methods for determining tensile strength of rock materials, Int J Rock Mech Min Sci 
Geomech Abstr, 15 (3) (1978) 99–103. DOI:10.1016/0148-9062(78)90003-7. 
[19] Williams, M. L., On the stress distribution at the base of a stationary crack. ASME Journal of Applied. Mechanics, 24 
(1957) 109–114. 
[20] Anderson, T. L., Fracture mechanics: Fundamentals and applications. Taylor & Francis group, (2005). 
[21] Pook, L. P., Linear Elastic Fracture Mechanics for Engineers: Theory and Applications. University College London, 
United Kingdom, (2000). 
[22] Ayatollahi, M. R., Pavier, M. J., Smith, D. J. Determination of T-stress from finite element analysis for mode I and 
mixed mode I/II loading. International journal of fracture, 91(3)  (1998) 283-298. 
[23] Ayatollahi, M.R., Aliha, M.R.M., On the use of Brazilian disc specimen for calculating mixed mode I–II fracture 
toughness of rock materials, Engineering Fracture Mechanics, 75 (2008). 4631–4641.  
DOI: 10.1016/j.engfracmech.2008.06.018. 
[24] ANSYS®, Academic Research, Release 17.2, Help System, Crack analysis guide. Mechanical APDL Documentation 
Guide, ANSYS, (2016). 
[25] Tada, H., Paris, P.C., Irwin, G.R., The stress analysis of crack handbook, third edition, The American society of 
mechanical engineering. New York, (2000). 
[26] Haeri, H., Shahriar K., Fatehimarji. M., Moarefvand, P., On the crack propagation analysis of rock like Brazilian disc 
specimens containing cracks under compressive line loading. Latin American journal of solids and structures, 11(8) 
(2014) 1400–1416. 
[27] Bílek, V., Hurta, J., Done, P., Zidek, L., Development of alkali-activated concrete for structures-Mechanical properties 
and durability, Perspective in Science, 7(2016) 190–194. DOI: 10.1016/j.pisc.2015.11.031 
[28] Bílek, V., Bonczková, S., Hurta, J., Pytlík, D., Mrovec, M., Bond strength between reinforcing steel and different types 
of concrete, Procedia Engineering, 190 (2017) 243–247. DOI: 10.1016/j.proeng.2017.05.333. 
